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Using Fractional Gaussian Noise Models
in Orbit Determination
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Motivated by a recent requirement to provide accurate covariance matrices as well as orbit estimates for cata-
loging space objects, a Bayesian estimator to handle autocorrelated process and measurement noises is presented.
Although the application is orbit determination, the estimation method itself is general. Techniques are presented
to model autocorrelated noises in terms of fractional Gaussian noise and increments of fractional Brownian motion.
The Bayesian estimator is derived in both batch and sequential forms, along with explicit formulas for calculating
the estimation error covariance matrix. The sequential form generalizes the Kalman filter to the case of autocorre-
lated noise processes. Also discussed is a batch least-squares estimator formulated with a whitening transformation
that accounts for both measurement and process noise. Basic properties of the fractional Gaussian noise model are
presented, showing how it contains the special case of white noise in a one-parameter family of self-similar random
processes. The parameter characterizes the extent of the autocorrelation and is known as the Hurst parameter.
When the measurement noise can be isolated from the process noise by appropriate sensor calibrations, statistical
test-of-hypothesis techniques can be used to estimate the Hurst parameter by adjusting it to optimize the p value of
the test. For a measurement noise sample that is sufficiently dense in time, the Hurst parameter can be calculated
directly from the sample’s fractal dimension. In contrast, the process noise usually cannot be isolated from the
total noise because the measurements are the only information available. However, assuming the Hurst parameter
of the measurement noise is either estimated first or known a priori, test-of-hypothesis techniques can be used to
estimate the Hurst parameters of the process noise.

Nomenclature a(k) = intermediate vector variable for Cholesky
true cross-sectional areas for drag decomposition
and radiation pressure B = true ballistic coefficient
adopted value of cross-sectionalareas for drag B, = adopted value of ballistic coefficient
and radiation pressure B = the ith Borel set in the real line

i
Jacobian matrix of measurements B(t), By (1)

= standard and fractional Brownian motions
with respect to state b(k) = intermediate vector variable for Cholesky
timescale parameter, used to define decomposition
self-similarity C = proportionality constant in the power-law
drag, gravitational, and solar radiation pressure relation for fractal dimension
acceleration vectors Cp = true drag coefficient (dimensionless)
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adopted value of drag coefficient
(dimensionless)

speed of light; ratio of fractional Gaussian noise
scale factor to measurement variance

fractal dimension of fractional Gaussian noise;
diagonal matrix of reciprocal variances of
fractional Gaussian noise

Cholesky square-root matrix of the total noise

covariance ]
intermediate scalar variable for Cholesky

decomposition

expected-value operator

transformation of random variables

notional function of satellite body surface
parameters (adopted value)

notional function of satellite body surface
parameters (true value)

scalar coefficient of fractional Gaussian noise
in the measurements

matrix coefficient of fractional Gaussian noise
in the state

scalar coefficient of jth process noise
component at kth time

Hurst parameter for fractional Gaussian noise
identity matrix

Jacobian of transformation among random
variables

true solar radiation pressure coefficient
adopted value of solar radiation pressure
coefficient

discrete-time index for measurement times
loss function of vectors x and y (for Bayesian
estimation)

total number of measurements; matrix of
orthogonal eigenvectors of measurement
noise covariance

Jacobian matrix of measurements with respect
to initial state

total number of measurements or of
autocorrelated measurements; true satellite mass
adopted value of satellite mass

number of covering neighborhoods,

used to define fractal dimension

covariance of random vectors X and Y
probability density function

covariance matrix of process noise at the kth
measurement time

Jjth variance of process noise at the kth
measurement time

intermediate variable in sequential

Bayesian estimation

satellite inertial position vector
measurementnoise variance at the kth
measurement time

diagonal matrix of measurement noise
sample variances

Cholesky square-root matrix of the
measurement covariance matrix

time

sample variance of measurement noise
transformation of random variables

time

unit vector normal to body surface

or toward the sun

amplitude coefficient in covariance of fractional
Brownian motion

measurementnoise at the kth measurement time,
as random variable

relative velocity vector between satellite

and local atmosphere

satellite inertial velocity vector

v(k)
/3

W,

intermediate scalar variable for Cholesky
decomposition

measurement noise at the kth measurement time,
as realized value

standard normal random variable for
measurement noise at the kth time

standard normal realization of measurement
noise at the kth time

linearized state as a random vector

linearized state as a realization

of a random vector

initial value of linearized state

estimate of linearized state

standard normal random variable for a
measurement at the kth time

standard normal realization of a measurement
at the kth time

linearized measurement vector

as a random vector

linearized scalar measurement at the kth time,
as a random variable

linearized measurement vector as a realization
of a random vector

linearized scalar measurement at the kth time,
as a realization

variable of integration with respect to time
notional vector of satellite body surface
characteristics

state variable for drag effects (dimensionless)
complete gamma function

state variable for radiation pressure effects
(dimensionless)

finite increment of fractional Brownian motion
finite time increment

total noise vector for measurements

in least-squares estimation

length scale, used to define fractal dimension
dummy time variable

process noise in the linearized model

variable of integration with respect to time
mean of a random variable

measurement noise in the linearized model
vector of covariances of the kth measurement
with the state

true local atmospheric mass density

adopted value of local atmospheric mass density
variance of the kth measurement

variable of integration with respect to time
dummy time variable

transition matrix for linearized state

true local solar radiation flux

adopted value of local solar radiation flux
vector of covariances of the kth measurement
with all previous ones

independent variable in the sample space of
measurements

Introduction

STIMATION methods based on standard least-squares crite-

ria account for measurement noise but not process noise, and
neither least squares nor Kalman filtering provides any means to
handle time-autocorrelated noise processes. Yet, autocorrelations
are commonplace. For example, radar sensors often smooth a large
number of raw detection data to report a few refined measurements.
The smoothing implies correlations in the set of reported values.
Also, models of satellite motion usually omit a variety of persistent
physical effects associated with higher-ordergravity harmonics, at-
mospheric drag, or solar radiation pressure, necessarily resulting
in time-correlated errors in the satellite ephemeris. Traditionally,
noise autocorrelations are neglected so that standard estimation
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techniques can be applied. This is the case, for example, with
the present-day special-perturbatiors (SP) catalog of space objects,
which uses a weighted batch least-squarestechnique. However, the
SP catalog must supply accurate estimates not only of the state
vector itself but also of the estimation error covariance matrix for
each cataloged object. This new requirement to report an accurate
covariance has led to some reappraisals of the effects of autocor-
related measurement noise and to an approximate procedure for
deweighting highly correlated measurements within a single track.!
A rigorousmethod of representing measurement correlationhas not
yet been adopted for this application. Moreover, no representation
of processnoise has yet been proposedfor the SP catalog. Rather, an
empirically determined consider-covariance parameter is added to
the variance of the estimated ballistic coefficient to compensate for
unmodeled atmospheric effects in the prediction of the estimation
error covariance matrix. To date, both the track-by-track deweight-
ing and the empirical consider parameter have been implemented
without reformulating the estimator to account for correlated noise
processes. In this paper, we examine the problem of rigorously ac-
counting for time-correlated measurement and process noises.

We discuss four main aspects of this problem. First, we summa-
rize some essential features of the state model for satellite motion
used in updating the SP catalog. We offer simple alternatives to the
ballistic coefficient and solar radiation pressure coefficient that may
allow more reliable estimation of drag and radiation pressure ef-
fects, without increasing the complexity of the state model. The two
new variables may also behave more nearly like Gaussian random
variables than do the usual coefficients, even in the nonlinear case.
In this paper, we do not include noise in the gravitational acceler-
ation because that problem has already been treated elsewhere 2
Moreover, accounting for gravitational noise does not call for the
type of empirically based, time-correlated model that we present in
this paper. Our formulation does allow additive noise in the gravi-
tational acceleration, either time correlated or not, provided that 1)
its autocovarianceis known and 2) it is not correlated with the drag
or radiation pressure noise.

Second, we discuss a type of time-correlated noise model that
can be used with the estimator described later. The estimator calls
for Gaussian models, and within this class we know of two specific
approaches to representing the noise. The better-known method is
the Gauss-Markov approach, in which the correlated noise process
is modeled as some postulated deterministic (usually first-order lin-
ear) dynamics driven by a white-noise forcing function. Recently,
for example, a first-order Gauss-Markov method has been inves-
tigated as a way to represent time-correlated random variations of
atmospheric density in orbit determination problems (see Ref. 4).
The other method, less well known in the astrodynamics commu-
nity, is to assume that the time integral of the noise is a fractional
Brownian motion (FBM) process, so that the noise itself is so-called
fractional Gaussiannoise (FGN). This noise model has been studied
extensively in fields other than orbit determination;~° and is par-
ticularly well suited for representing noise correlations that persist
over long periods of time. With this noise model, one does not need
to postulate extra deterministic dynamics to represent the time cor-
relations. FGN representsthe noise as a purely zero-mean stochastic
process. Naturally, we would prefer to derive the noise model from
the physics of the problem, rather than offer an assumed model
a priori. However, that goal is still out of reach for the space-catalog
application. In the meantime, we believe that FGN offers at least a
conceptual improvement in the handling of some important errors
in orbit determination.

Third, we review the derivation of a Bayesian estimator, assum-
ing Gaussian probability density functions for all noise processes.
This classicalresultis perhapsthe simplestestimator that can handle
time-correlated measurements and model errors. The high compu-
tational requirements of Bayesian estimators, such as inversion of
large matrices, are a concern for the space-catalog application, and
so we mention some possibilities for realizing the estimator. We
present batch and sequential versions of the estimator, as well as
explicitformulas for calculatingthe estimation error covariancema-
trix, the Bayesian counterpart of a Kalman filter covariance. Note

that the estimation problem can be formulated as a least-squares
problem using a whitening transformation of the data. We show
how to account for both measurementnoise and processnoisein the
transformation.

Finally, estimating the FGN model parameters from real observa-
tions of satellitemotion presentsa variety of analyticaland statistical
problems. For a scalar FGN process, values of two parameters must
be assigned. One parameter fixes the amplitude of the noise process,
whereas the other, the so-called Hurst parameter, fixes the extent of
the autocorrelation. The modelincludes both white and perfectly au-
tocorrelated noises as special cases, corresponding to the extreme
allowable values of the Hurst parameter. We describe theoretical
ways to estimate values of these parameters from real data sets and
discuss some of the difficulties that will be encountered on any ap-
proach. Note also that estimates of the Hurst parameter based on
real data automatically provide some indication of the adequacy of
the FGN model to describe the real noise, given that valid values of
the Hurst parameter must lie between known fixed limits.

Choice of State Variables for Drag and Radiation
Pressure Effects

Inarealisticsystemmodel for orbitdetermination,itis not usually
possible to arrange that either the states or the measurements will
have Gaussian distributions. However, it may be possible to choose
transformed variables that we could expect to be more nearly Gaus-
sian than the original variables. Here we offer dimensionless state
variables that might replace the ballistic coefficient and solar radi-
ation pressure coefficient. These two states are of special concern
in orbit determination problems because the physical modeling is
not as complete for atmospheric drag and radiation pressure as it is
for gravitational forces. This fact occasionally leads to poorly ob-
servableor aliased values of these coefficients, includingunphysical
negative values. The variables we offer do not affect observability;
however, they do preclude negative values of either coefficient in a
natural way that also happens to be extremely easy to implement if
the orbit determinationalgorithm already estimates the coefficients.
Moreover, we can presenta simple reason why these new state vari-
ables may be more nearly Gaussian than the traditional parameters.
This idea was, in fact, our original motivation for devising new state
variables, because we hope to model the real noise processes in
terms of FGN. However, the new state variables may prove useful
for orbit determination even if one neglects process noise entirely.

The acceleration vector of a body due to atmospheric drag is
modeled as

ap = _%p(C[)A[)/m)Vrel ”Vrel ” = _;/)Bvrel ”Vrel ” (1)

where p is the local mass density of the atmosphere, given by a
model as a function of position and time, C}, is the dimensionless
drag coefficient, Ap is the associated cross-sectional area of the
body, m is the mass of the body, and V,,, is the velocity vector of the
body relative to the local atmosphere. The drag coefficient, cross-
sectional area, and mass of most real space objects are unknown,
and the usual expedientis to estimate their combination B, the bal-
listic coefficient, as part of the dynamic state. However, the best
atmospheric models rarely yield density values that are less than
15% uncertain. With disturbed solar conditions, the error in density
can exceed 100%. Estimating the atmospheric model parameters
themselves as part of the orbit determination problem is usually not
feasible and cannot be done even in principle if the satellite body
characteristics are unknown. The result is that estimated values for
B are always corrupted by errors in the atmospheric density model.

We propose to account for the combined uncertainty in p and
B by a suitable choice of state variable. We adopt a priori modeled
valuesof these two quantitiesand denotethem as p, and B,. Here the
subscripta signifies that each of the values can vary arbitrarilyalong
the orbital path, although we do not estimate either of them. Rather,
we formulate the product of density and ballistic coefficient as

)OB = Pa Ba (IOB/p(l Ba) = Pa Ba(p/pa)(cl)/cl)a)(A I)/Al)a)(ma/m)

2
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Assuming that the true values of both density and all three factors
in the ballistic coefficient are random, we recommend, as the new
state variable to be estimated, the dimensionless quantity

B =tlo/ps) + (Cp/Cp,) + blAp/Ap,) + ba(m,/m)  (3)

This choice is suggested by a procedure often used in regression
analysis of power-law relationships, in which taking the logarithm
of therelationconvertsthe nonlinearregressionprobleminto a linear
one. In any case, the product of density and ballistic coefficient is
now formulated in the drag acceleration equation as

pB = p,B,expp 4)

When the adopted a priori modeling of density and ballistic coef-
ficient is correct in some mean sense, we expect that the estimated
value of 8 will be small in magnitude. However, 8 can take on
any real value without reversing the sign of the product pB. The
scale factor (exp B) measures the adequacy of the adopted values of
atmospheric density and ballistic coefficient and could be inserted
easily into any orbit determination algorithm that already estimates
ballistic coefficient. Moreover, § itself is the sum of several random
variables. We appeal to the central limit theorem to conjecture that
B will be more nearly Gaussian than any of the random variables p,
Cp, Ap, orm,or B itself. Although this property is not essential for
our method, it may provide extra confidence in the practical utility
of ournoisemodel and could be verified during numerical work with
real or simulated data. Bryson and Ho'? outline a simple numerical
example that illustrates this conjecture. Notice also that we do not
actually have to supply a priori adopted values of Cp, Ap, or m,
only of B, and so the estimation problem is no more complicated
than before.

The estimation of solar radiation pressure effects can be ap-
proached in the same manner. A typical term in a solar radiation
pressure acceleration vector model has the form

ap = —(p/c)(Ar/m)F(a)u = —Ku (5)

where ¢ is the local solar flux, in units of energy per unit time per
unit area, c is the speed of light, Ay is the cross-sectionalarea of the
body, m is the mass of the body, and F' is a dimensionless function
of a set of body surface parameters symbolized by the vector c.
The vector u is a unit vector in the direction of either the sun or
the body surface normal. Consequently, the solar radiation pressure
coefficient K has units of acceleration. Although the fundamental
physical modeling difficulties are not as severe with solar radiation
pressure as they are with atmospheric drag, estimated values of
K are usually small and, therefore, easily aliased by deficiencies
elsewhere in the dynamic model.

We propose to formulate the solar radiation pressure coefficient
as

K =K,(K/K,) = K,expy (©)
where

The scale factor (expy) measures the adequacy of the adopted,
deterministicvalue K, and isreadilyinserted into any algorithm that
estimates K. The estimated value of y will be small in magnitude
if the adopted value K, which can vary arbitrarily along the orbital
path, is correct in some mean sense. However, the sign of K does
not change, regardless of the value of y. Moreover, y is the sum
of several random variables and is, therefore, we conjecture, more
nearly Gaussian than any of the individual variables or K itself.

If one has done a conscientious job of supplying the a priori
values p,, B,, and K, then workable starting values for 8 and y in
the estimation calculations should be simply 8 = y = 0. Althoughit
is not necessary to do so, one could devise a procedurein which the
estimatesof 8 and y areusedtorevisethe apriorimodelingof p,, B,,
and K, such that new estimates of 8 and y would be closer to zero,
giventhe same data. This procedurecould be repeatedindefinitely, if

desired, so that 8 and y would become, in effect, zero-meanrandom
variables. The fact that p,, B,, and K, can vary arbitrarily means
that, in most practicalcases, it would be reasonableto estimate 8 and
y as constants (plus noise). However, nothing in this formulation
prevents one from estimating arbitrary deterministic variationsin
and y as well. In every case, the only question would be whether
the data support this more complicated approach.

System Model

Given the preceding considerations,we take the differentialequa-
tions of motion to be

F=v
v=ac(r,t)+ap@,v,t; ps, B, B) +ar(r,t; Ko, y)  (8)

where r is the position vector, v is the velocity vector, and a; is the
gravitational acceleration. Note that § is fractional Gaussian noise
(drag) and that y is fractional Gaussian noise (radiation pressure).
If process noise were not considered, we would have § =y =0.In
the most general case, one might want to allow for noise in the grav-
itational acceleration. This problem has been analyzed thoroughly
by Wright,>* and so we pursue it no further in this discussion. From
the point of view of the SP catalog application, the gravitational
field of the Earth has been modeled very completely, so that any
noise comes essentially from the truncation of known terms in the
acceleration. Hence, the calculation of the covariance of additive
gravitational process noise for space-catalog orbit determination
problems involves no empirical statistics. In contrast, noise in the
drag and radiation pressure accelerations arises from unmodeled
physical effects, so that we have to resort to empirical statistics.

We linearize the system model to derive a practical estimation
procedure, which means only that the working formulas will have
to be iterated in a differential correction of the nonlinear estimate.
Let the 8 x 1 vectorx represent the first-order variation of the state
(r,v, B, y) fromits nominal value,so thata first-order Taylor’s series
expansion of the governing equations (8) produces the variational
equations of motion in the form

_ 3G v .7
A, v, B y)

where By (t) is an 8 x 1 vector of fractional Brownian motion pro-
cesses. The time-derivative notation applied to this function, al-
though not rigorously correct, is a convenient shorthand for frac-
tional Gaussian noise. For our purposes, we set the first six compo-
nents of By (t) equal to zero because we need explicit noise terms
only in the variations of 8 and y. The 8 x 8 matrix G contains the
scale factors needed to match the FGN amplitude to that of the real
noise process. Because of the special form of the governing equa-
tions (8), we can set all of the elements of G equal to zero except the
main-diagonalelements in rows 7 and 8. Also, the system matrix of
the variational equations has the form

dBy (1)

x(1) x(1) + G(UT )

0¥, B.¥) _
ar,v,B,v)
033 L33 0341 031
Jda Jda da Jda
— + —= + — > @p)ix1 (@r)3xi
or or or 1% av 1%
0143 0143 0 0
0143 0143 0 0

Here we have used dap /0B =ap and dag /0y =ag to emphasize
that no extra computations are required for the partial derivatives
with respect to the new states. This system matrix is to be evaluated
as a function of time along the nominal trajectory. Then, having
solved the initial-value problem,

~ A, BLY) _
Dt 10) = FESEIES R ), D (1o, to) = Is s
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we eventually obtain the solution of the variational equationsin the
general form

X(fy1) = P 1, )X (&) +/ Dt 41, 71)G(r)dBy (1)

= Oty 1, )X (f) + () (10)

which maps the state variations between successive measurement
times via the transition matrix ®. To represent measurements in the
linearized model, we assume that measured values of any data types
can be representedas nominal values plus first-order variations. The
nominal values of measurements will be predicted as functions of
the nominal state at the measurement times, using the nonlinear
model. Let z represent the first-order variation of a measurement.
Then we write

() = Aty DXt 1) H (i)

dBy (1)
dr

= Ay D)x(tp1) + (B 1) an

Th+1

where By () is a fractional Brownian motion process used to repre-
sent the measurementnoise v. The scale factor f matches the FGN
amplitude to that of the real noise. The matrix A is the appropriate
partial-derivativematrix evaluated on the nominal trajectory. Then,
condensingthe notationin an obvious way, we summarize the linear
system model as

x(k+1) = dk + 1, b)xk) + k)
zk+1) = Ak + Dxtk+ 1) + vk + 1) (12)

The problemis to estimate the statex(m) at the most recent measure-
ment time, based on measurements z(i) taken at m discrete times
t;, accounting for autocorrelationsin each of the random sequences
n(i) and v(i). We assume that there are no correlations between 1
and v. Moreover, we assume that both of the random sequences are
samples from continuous random processes, n(¢) and v(¢), which
can be described in terms of FBM and FGN. For this reason, we
digress to summarize the properties of FBM and FGN.

FBM and FGN

FBM, denoted as B (t), is a generalizationof classical Brownian
motion and has properties that are analogous to those of that better-
known random process. Like Brownian motion, By (¢) is almost
surely not differentiable and yet approximates many real physical
processes.’ FBM can be simulated by a simple numerical procedure
called random midpoint displacement?!! It is sometimes conve-
nient to consider By (t) as the time integral of an idealized random
process FGN, just as ordinary Brownian motion can be considered
the time integral of the idealized white noise. Like white noise, FGN
is a stationary process. Unlike white noise, however, FGN is, in gen-
eral, autocorrelated. If it is necessary to exhibit FGN numerically,
we can resort to a finite difference approximation of the (almost
surely nonexistent) derivative:

dBy _ ABy
dr At

FBM is defined as a transformation of ordinary Brownian
motion’:'2:

By(t) =

0
) / (I =514 — |s|" = %) dB(s)

r(H+14

+/ It — 5|73 dB(s) (13)
0

B(-) is Brownian motion and I'(-) is the gamma function. For scalar
FBM, the dimensionless parameter H , known as the Hurst parame-
ter,isrestrictedto theinterval0 < H < 1. Thereversetransformation

is also available as a theorem’:

1 0 ] ;
B(t) = m /w (It =s12=" = Is|2= ") d By (s)

2

+/ It — |2~ d By (s) (14)
0

Notice that the specialcase H = % implies that By (-) = B(-), mean-
ing also that FGN reduces to the special case of white noise.
The covariance function of By (¢) is given by

E[By()Bu ()] = (Vu /(1P + s — e =) (15)

where the factor Vy; is defined conventionally as

— _ 2 _ —I'(2—=2H)cos(rH)
Vi = var[By ()] = E[BL(1)] = o (16)

The covariance function shows that B (¢) is not stationary; rather,
it depends on the times ¢ and s, as well as on the time difference
t —s. However, increments of By () are stationary, besides having
zero mean. In particular, the process

ABy(1) _ By(t + A1) — By (1)
At At

a7

for any fixed A > 0, is a zero-mean Gaussian process whose co-
variance function depends only on the time differencet — s,

E[ABH(t)ABH(s):|_ Vi Ar2H =2 (lt—sl )2”

1
At At 2 At *
|t | 2H |t | 2H
— S — S
-2 + -1 (18)
At At

The limit At — 0 exists for this function:

ABy(t) ABy(s
lim g| 2820 ABG) | _ VyHQH — Dt —sP"=2 (19)
At At
We take this result as the covariance function of fractional Gaussian
noise. However, the variance of this random process, obtained by
setting t =, reduces to

E{[ABy(t)/ At} = Vy Ar2H 2 (20)

As At — 0, the variancediverges for every value of H in the interval
0 < H < 1, as might be expected by analogy with white noise.
Note that nonoverlapping increments of By (t) are, in general,
correlated, so that FGN is, in general, autocorrelated. In the special
case H = % we recover classical Brownian motion, which happens
to have zero autocorrelation. In case H > % nonoverlapping in-
crements of By (t) have positive autocorrelation. Qualitatively, this
means that if an increment of By (¢) is positive, then subsequent
increments tend to be positive. Similarly, if an increment of By ()
is negative, then subsequentincrements tend to be negative. A graph
of positively correlated B (t) would appear smoother than a graph
of Brownian motion on the same scales of time and amplitude. In
case H < % nonoverlappingincrements of By (t) have negative au-
tocorrelation.Qualitatively, this means thatif an incrementof By, ()
is positive, then subsequentincrements tend to be negative, and if
an increment of By (¢) is negative, then subsequentincrements tend
to be positive. A graph of negatively correlated By (t) would ap-
pear rougher than a graph of Brownian motion on the same scales
of time and amplitude.!' Positive autocorrelationof By (¢), with its
associated smoothing effect, allows FBM to mimic the behavior of
many real physical processes, especially those whose correlations
can persist over long periods of time.> !> On the other hand, the vi-
olent oscillatory behavior of negatively autocorrelated FBM seems
not to mimic the behavior of real physical processes, at least the
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processes we are concerned with in orbit determination. This is the
main reason why we will assume that the Hurst parameter must be
restricted as H > % in practice. Eventually, we will want to assign
a value of H based on empirical statistics for some real physical
process. If the empirically derived value of H does not lie in the
interval % < H <1, we will assume that scalar FBM and FGN are
not adequate to represent the real-noise process and that some other
model must be used.

The form of the covariance function implies that FBM is statis-
tically self-similar. Informally, self-similarity means that a sample
path of FBM has the same general appearance on any timescale.
The statistical properties of the sample path do not change as the
path is examined at different magnifications, provided only that a
certain relation is maintained between the timescale and the ampli-
tude scale. To prove this, rescale time as ¢t — at and s — as and
substitutein the covariancefunction. It is easy to verify in this man-
ner that the functions By (¢) and |a|~ By (at) do have the same
covariance. Because they are also both zero mean and Gaussian,
both functions have the same probability density function (PDF).
In particular, they are both FBMs on the timescale 7. Although
the random process By (at) is indeed FBM on the timescale at,
one would not automatically expect it to be FBM on the timescale
t as well, merely through an adjustment of the amplitude. This
special property is what is meant by self-similarity. By definition,
the random process By (¢) is self-similar under the transformation
By (t) — |a|=" By (at) if and only if the two functions are equal
in distribution: By (¢) Ca la|= By (at). Consequently, the Hurst pa-
rameter H characterizes the self-similarity.

Because FBM is statistically self-similar, the sample paths of this
process are fractal curves. The fractal dimension, which measures
the roughness of a fractal curve, is almost surely the same for all
sample paths of a given FBM process and characterizesthe random
process just as the Hurst parameter does. In fact, there is a simple
relation between the two parameters. For a scalar FBM, it can be
shown that, almost surely,

D+H=2 @2n

where D is the fractal dimension.!* For a vector FBM, it can be
shown that the sum of the fractal dimension and the Hurst parameter
must equal the Euclidean embedding dimension of the vector plus
one (for time).'* This means that we can derive an empirical value
of the Hurst parameter if we can estimate the fractal dimension of
merely one sample path of the FBM process. Note that a value of
H =1 implies D =1, which is the fractal dimension of a smooth
curvein the plane. We take this as the “perfect-autocorrelaion” limit,
complementingthe “zero-autocorrelation’ limit givenby H = % and
D=3

The term fractal dimension has a number of differentdefinitions,
notall of them equivalent. However, several of them are based on the
ideathatan inverse power-law relationexists, at least approximately
or in a certain limit, between the number N of equal-sized closed
spherical balls needed to cover the fractal and the size ¢ of the balls
themselves, namely,

NeP = (22)

where C and D are positiveconstants.'> The motivationfor calling D
the fractal dimensionis the analogy with the special cases of smooth
curves (D = 1), smooth surfaces (D = 2), solid figures (D = 3), and
so on. Fractals are distinguishedby having nonintegral values of the
exponent. Notice that the power-law relation (22) is self-similar in
the sense that the same values of N and exponent D characterizethe
relation if ¢ is rescaled; merely the constant C has to be adjusted.
Solving this relation for the exponent, we get

b BC— N N —C

boe T u(1/e) 23)

If e is chosen to be small, in an effort to derive an accurate value
for D, the value of N becomes large compared to any constant C.

Consequently, one definition of dimension often used in theoretical
analysis of fractals is

€N (e)
ba(1/2)

= lim (24)
e—0

where N (¢) is the minimum number of balls of diameter ¢ needed to
cover the fractal. For fractal curves in the plane, the balls can be re-
placed with square grids thatare more convenientcomputationally.'?
Then N (¢) is taken to be the minimum number of square grids, each
withsidelengthe, thatare neededto coverthe fractal,and D is called
the box-count dimension. It can be shown that, for scalar FBM in
particular, the box-count dimension is equivalent to the e-ball di-
mension, that it is related to the Hurst parameterby D + H =2, and
that all smooth curves in the plane have box-countdimension equal
to unity.!""'3 In practice, the limit of vanishing e may not have to be
approached closely. If N and ¢ are, in fact, related by a power law,
then the locus of baN vs €a(1/¢) will be a straight line with slope
equalto D. Hence, the value of D can be estimated by first comput-
ing N (¢) for several small but finite values of ¢ and then computing
the slope of a straight line fitted to the data in the ta N — fu(1/¢)
plane. If the true relation between N and & were not a power law,
the data would not be well approximated by a straight line. How-
ever, this would imply that a single well-defined fractal dimension
does not exist, so that the sample path is not a fractal curve and,
consequently, that the random process that generated the data is not
self-similar. Therefore, the goodness of fit in the linearregressionof
the data is a measure of how adequately the idealized FBM model
can represent the real noise process.

Estimating the System State and Covariance

A Bayesian estimator involves no assumptions that the noise pro-
cesses for either the state or the measurements are uncorrelated. We
review briefly the derivation of a Bayesian estimator for the case
of Gaussian autocorrelated noise processes to show how the FGN
noise model would be applied. In this section we assume that values
of the FGN Hurst parameters and scale factors are already known.
Later we considerhow to derive suitable values of these parameters
from real measurements. We first present the batch form of the esti-
mator, which is also described by Meditch.'® Then we show how to
put the estimator into sequential form. In the case of zero autocorre-
lation in the noises, the sequential Bayesian estimatoris the Kalman
filter and provides a substantial savings of computation compared
to batch processing. In contrast, in the case of autocorrelatednoises,
the sequential Bayesian estimator involves no net savings of com-
putation compared to batch processing, when we are estimating the
state at a single time. However, when we need state estimates at
a sequence of times, the sequential form of the estimator becomes
relatively efficient because it distributesthe processingload over the
sequence of updates.

Let X(z) be an estimator of a random n-vector X and defined as
a function of a random M -vector Z. In our application, the compo-
nents of Z correspond to scalar measurements at each of m discrete
times, and we allow for the possibility of simultaneous measure-
ments at various times by requiring only that m < M. Let z denote
the vector of observations of the components of Z and let x denote
realizations of X. The notation L(x, x(z)) denotes an admissible
scalar loss function of x and x. Then x is called a Bayesian esti-
mator on L if it minimizes the expected value of L conditioned on
zZ,

E{L[X,J?(Z)]Iz}=/ / Lix,x@)]p(xlz) dx; - - dx, (25)

where the conditional PDF in the integrand is given by the Bayes
formula
p(xlz) = P zlx)p(x)
= — -
I o f,oo plX)p(x)dx, - - - dx,

x' =1[x,....,x,] (26)
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For a wide class of loss functions, including the quadratic
Lix, x()] =[x —x()]"[x —X(z)], it can be shown that X is just the
conditional mean of X:

*(z) = E[Xz] (27

The explicitform of the estimatorcan be found if p(x|z) is Gaussian.
A well-known theorem'® assertsthatif X and Z are Gaussianrandom
vectors, then the conditional PDF p(x|z) is Gaussian with mean
given by

E(X|z) = EXX) + Pxz P}z — E(Z)] (28)

and covariance given by

cov(X|z) = Pyx — Pxz P, 'P,y 29)

where the notation Py, means the covariance matrix of random
vectors U and V. This conditional mean is the Bayesian estimator
of X if all noises are Gaussian.

To prove the theorem, observe that the numerator of the Bayes
formula s the joint PDF of Z and X, p(z|x) p(x) = p(z, x), which is
Gaussianif Z and X are Gaussian. The denominatorreducesto p(z),
which is also Gaussian. Moreover, p(x|z) is Gaussian for fixed z.
To within a normalizing factor, we have

| 1[z=E@) [Pz P '[2-E@
Pl <Xy =3 kx| | Py, Pl |x— E®)
1
+E[Z—E(Z)]TPZZI[Z—E(Z)]} (30)

A well-known matrix-inversion identity can be derived by parti-
tioning a system of linear equations once and solving the system
formally. The result can be expressed in several different algebraic
forms, all of them equivalentto

-1
M-l = Apxp Bpxg
nxn C D

qxp qxq

_ |:(A‘ +AT'BFCA™Y,,, (—A‘BF)FX4:| 1)

(—FCA Y, », F,

qxq

where F = (D — CA~!'B)~!. Using this matrix inversion identity,
we can write

[Pzz sz}‘ | Pas+ Py Pax(Pax —
PXZ PXX

Substituting this expression into p(x|z) and collecting terms, we
find that

pxle) ocexp[—2L (x — {E®) + Py, Pz — E@1}) (Pex

1
— Py PiP) (k= {EX) + PPz — E@))]

(33)

By inspection, we obtain the conditional mean and covariance re-

quired by the theorem. Note also that the covariance of the state

conditioned on the data is really the estimator’s error covariance:

cov(X|z) =cov{[X — E(X|z)]lz} =cov[X — E(X|z)] =cov(X —X)
(34)

This result follows because, for any Gaussian random vectors X and
Z, the vector X — E(X|z) is not correlated with Z (Ref. 16).

1
Pxz P, sz) PXZPZZl

—(Pxx szP sz) PXZPZZl (PXX

To complete the formulation of the batch estimator, it remains
to show how to compute E(X), E(Z), and the partitions of the
P matrix from the linearized state and measurement models. We
have immediately that E[X (k)] = ® (k, 0)xy, where xy = E[X(0)]
is the initial state, which we assume to be given. Also we have
E[Z(k)]= A(k)® (k, 0)x,, where the notation Z (k) means the scalar
random variable associated with the measurement at time #;.

The covariance matrices Pz, Pxx, and Py, = P y are derived
from autocovariances of n(k) and v(k) for k=1, ..., m. For the
measurement noise covariance, we have

) (35)
tg

We substitute the covariance of FGN [Eq. (19)] based on the ap-
proximationdBy /dt &~ ABy / At:

dB dB
cov[v(k), v(z)]=f<tk)f<tg>E< d” -

dr

73

covu(k), v(O)] = f(t) f(t)Vu HQH = DIt — 1,*" > (36)
For the process noise covariance, we have

cov[n(k), n(0)] = E= / St 11, 7)GdBy(T)

Tk

fe41 T
x |:/ ‘b(le»Ol)GédBH’(Ol):| }

e

T+ 1 te+1
= / / @ (41, GE[dBy (1) dB ()]
e tg

X GZCDT(I‘(+1,0() (37)

where the matrix dBj (t) de () has all zeros except at the (7, 7)
and (8, 8) positions. Each component of the expectation matrix in
the integral is of the form

E[dBy (1) dBy ()] = Vi Hj@H] = Dl — a7 dr do
for j=7,8 (38)

with E[dB,.,;(r) dB,.,g (@)]=0 Vr,a. Also, we will assume that
the matrices G, and G, are constants over the single time step and

—P; 1 Pzx(Pxx — )

PysPiPsy) ‘}

Py, P, Psx)"

that they may take on different values on each time step. The matrix
® (7, ¢) is a function of ¢, given 7. Hence, the components of the
matrix-product integral must be a linear combination of the scalar

terms
tk+1 te+1 ol 2
H —
c/ / hia, 7))t — a7 “drda
T e

for j =7, 8, for some constant ¢ taken from G; and G, and some
function’ taken from the transition matrix ®. The intervals[#, #; 4 )
and [t,, t, . |) areeitherdisjointedor coinciding. Withoutloss of gen-
erality, let [#,, #, . 1) be either to the right of [#, # + ) or coinciding
with it. Because E (d By (r) dBy (a)] =0 and only the components
of the lower right-hand " x 2 submatrix of E[dBy (1) dBT ()] are
nonzero, and moreover, the lower right-hand 2 x 2 submatrlx of ¢
is the identity matrix, then the (7, 7) and (8, 8) components of the
integral become, for j =7, 8, respectively,
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tk+1 te+1 ol 2
Vi 8kjj 8:j; H;(2H;j —1)/ / It — ™ " drda
T e

2H' 2H 2H' 2H' .
%VH;gkjjgéjj[(thrl =) WG —t) T = (G —tep1) T — (B — 1) ’] if

5 2H,
VH; 8jj vt — 1)

Successive substitutionof the equation forx (k) startingatx(1) gives

k=1

x(k) = ® (k. 0x(0) + Y d(k, j + D))

Jj=0

showing that x(k) is a linear combination of all process noises
up to ;. Also, z(k), the scalar measurement at time #;, given by
z(k) = A(k)x(k) + v(k), includes a linear combination of the mea-
surement noise at # and the process noises up to #. If we define

17(—1)=/ @ (ty, 7)G_ dB (1)

(]

analogously with the process noise for all other points in time, then
we can write x(0) = xy + n(—1), so that

k=1

x() =0k, 0xg+ Y k. j+ ()

j=-1

and, consequently
cov[X(k), X ()]

k=1 -1

= Y D @k j+DEMUDN OISk i+1)  (40)

j=—li=—1

In this expression, the covariance at initial time, cov[X(0)]=
E[n(—1)n" (—1)] = P,, is assumed to be given. Then we have also

PZZ‘(k+1)=|:

cov[Z(k), Z(£)] = cov{[A(K)X (k) + v(k)], [A(D)X (L) + v(D)]}

= A(k)cov[X(k), X(£)]AT (£) + cov[v(k), v(£)] (41)
cov[Z(k), X(£)] = cov{[A(K)X (k) + v(k)], X(£)}

= A(k)cov[X(k), X(£)] + cov[v(k), X (£)]

= A(k)cov[X (k), X(£)] (42)

Components of Pyy, Pxz, and P;, can also be computed recur-
sively. Besides the preceding formulas, we have

cov[X (k), X(£)] = cov{[® (k, k — Dx(k — 1)
+nk—DI®E, - DX -1 +n¢-D]}
= ®(k, k— 1cov[X(k — 1), X(£ — )]®T (L, £ — 1)
+cov[nk — 1), X(£ — 1D)]® ., £ — 1)
+ @k, k — 1)cov[X(k — 1), n(€ — 1)]
+cov[n(k — 1), n — 1)] (43)
cov[X(k), n(0)] = cov[®(k, k — DXk — 1) + nk — 1), n(0)]

= &k, k — 1)cov[X(k — 1), n()] + covink — 1), n¥)]
(44)

intervals are disjoint

if intervals coincide 39)

Starting values for these recursions are

cov[X(0), n(j)] = cov[n(—1), n(j)]

-1
cov[X(0), X(j)] = E|:17(—1) Z n' ()" (k,i + 1)j| (45)

i=—1

Sequential Bayesian Estimator

The matrix inverse P, zl typically requires an extensive computa-
tion. However, if the estimate based on kK measurementsis available,
the estimate based on k 4+ 1 measurements can be obtained without
recomputing the large inverse. The prior estimate has the form

2(k) = E[X(K)] + Py, (k) P, (k) {z(k) — E[Z(K)]} (46)

where z(k) is the vector of all measurement values up to time #;.
The next estimate is
#(k+1) = E[X(k+ 1]+ Pxz(k+ 1)P, ) (k+ D){z(k + 1)

—E[Z(k+ D]} 47)
which we can write in partitioned form as
x(k+1)=E[X(k+ D]+ [Pxz(k) &k+1)]

Pz e+
P (k+1) o2(k+1)

Here z is the new scalar measurement and o2 is the variance of z.
The matrix inversion identity (31) allows us to write

z(k) — E[Z(k)] 48)
z(k+1)— E[Z(k+ 1)]

P (k) + qk + VP ()Y + D' (k+ VP, (k) —qk + VP, (kK + 1) )
—q(k+ D" (k+1)P, (k)

gk +1)

where
qk+ 1) =1/[o?*k+ 1) =" (k + )P, ()ap(k + 1)]

When this formula is substituted for the matrix inverse and terms
are collected, it is a straightforwardjob to obtain the sequential state
update formula,

#(k +1) — E[X(k + 1)] = #(k) — E[X (k)]
+qk + D&k +1) — P, (0P Lok + D} (z(k + 1)

— E[Z(k+ D] =" (k+ )P, (k) {zk) — E[Z(K)]})  (50)

The sequentialupdate of the estimationerror covarianceis derived
similarly. The prior covariance has the form

coV[X(k)|z(k)] = Pxx (k) — Pxz (k) P, (k) Py, (k) (51)

We write the new covariance in partitioned form as

cov[X(k + D|z(k + 1)] = Pxx(k+ 1) — [Pxz (k) &k +1)]

X[ Py (k) pk+1)
P k+1) o2k+1)

Using the matrix inversion identity (49) and collecting terms, we
obtain

-1
} [Pxz(k) &k+DI"  (52)
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cov[X(k+ D)|z(k + 1)1 =cov[X(k)|z(k)]+ Pxx (k + 1) — Pxx (k)
—qk+ D[EK + 1) — Py, ()P} )k + D][€k + 1)

— Pz ()P )k + D] (53)
Hence, neither the state update nor the covariance update requires
any new matrix inverse but merely an extra scalar division in the
calculation of g(k + 1). Of course, in the next update from k + 1
to k +2, we need P, (k+ 1) explicitly and similarly throughout
the continued sequential update of state and covariance. Updating
PZ’Zl (k) to PZ’Zl (k + 1) using the matrix inversion identity (49) re-
quires O (k?) arithmetic operations. After m such updateshave been
performed for m autocorrelated measurements, the total number
of arithmetic operations is O (m?). This is a computational effort
equivalentto inverting ab initio the entire m x m matrix P,,. Nev-
ertheless, the sequentialapproachdistributesthe computationalload
sothatonly O(k?),ratherthan O (k3), operationsare requiredateach
measurement update. This feature is desirable for applications such
as the space catalog, in which it is important always to maintain
estimates of the current state conditioned on all available data.

Note that the inverse-measurement-covariarce update based
solely on the matrix inversion identity, as just shown, is inefficient
because P;Z‘ is symmetric. Moreover, the calculation of g(k + 1)
may not be trouble-free numerically even though P is theoreti-
cally positive definite or at least semidefinite. Both problems can
be alleviated to some extent by using the Cholesky decomposi-
tion to develop a sequential update of the square root of P;Z‘, al-
though ultimately O(m?*) calculations are still required. Suppose
P, (k+ 1) is factored as P, (k+ 1) =S(k+ 1)ST (k + 1), so that
P (k+1)=ST(k+1)S~"(k+1). Anticipating that we will de-
velop arecursive form of the inverse, we partition the matrix factors

as
Py (k) Pk +1)

P k+1) =

zz(k+1) |:¢T(k+1) 02(k+1)}

B Sk) ak+1) STy  bk+1) s
Tk +1D) dEk+D||a"k+1) dk+1) (>4

where the vectors @ and b and the scalar d are to be determined.
Equating partitions gives the identities

Py, (k) = S(k)S” (k) +a(k + Da” (k+1)
Pk +1) = SEKbk +1) +dk + Dak + 1)
o2k +1) =b"(k+ Dbk +1)+d*(k+1) (55)

These equations verify that the general square-root factorization is
notunique. However, we can select a unique factorizationby requir-
ingthat P,, (k) = S(k)ST (k) forall k. This impliesthata(k + 1) =0
for all k and, consequently, that S will be lower triangular. The re-
maining two identities can be rewritten as

bk +1) =Sk +1)

d(k+1) = \/o2(k+ 1) —bT (k + Dbk + 1) (56)

Standard theorems relating to the Cholesky decomposition guaran-
tee that S~! (k) always exists and that d (k + 1) is always real valued
if the m x m matrix P, is positive-definite symmetric.!”!® Then,
according to the inversion identity, the matrix

S(k) 0 }‘

—1 _
STk D= |:bT(k+1) dk+1)

can be written in explicit form as

STk +1)= S 0
T vtk + DBT(k+ DSI (k) vk +1)

1
vk +1) = d(k—-i—l) 57

The vectorb(k + 1) and scalard (k + 1) are computed from Eq. (56).
The recursionbegins with S~! (1) = 1/4/[02(1)], where 02(1) is the
leading diagonal entry in the m x m matrix Pzz. Then we compute,
whenever needed, P} (k+ 1) = S~7 (k+1)S~'(k + 1). Naturally,
this Cholesky square-root update can be adapted to invert the mea-
surement covariance matrix in batch processing as well.

Whitening Transformation

Note that we could solve the estimation problem by formal least
squares, accounting for autocorrelations in both the measurement
noise and process noise, if we first apply a whitening transformation
to the data.!” Usually only measurement noise is included in the
transformation, but it is not difficult to include process noise as
well. Recall that

k=1

x(k) = ®(k.0xg+ Y Dk, j+ D1()

j=-1

so that an observation can be expressed as
k=1
z(k) = AK)D(k, 0o + AK) Y Dk, j— D))+ v(k)

j=-1

= Ak)D (k, 0)xo + (k) (58)
Hence, z(k) is a mapping of the initial state plus a total noise con-
tribution containing both process and measurement noise. Then we
can write the vector of all observationsup to time # in the form

z(k) = M(k)xo + 8 (k) (59)

where (k) =[8(1) §(2) --- 8(k)]" and a typical row of M has
the form A(i)® (i, 0). Compute the Cholesky decomposition of the
total noise covariance, cov(d) = DD, and transform the data as

y(k) = D~ (bz(k) = D~ ()M (k)xo + D~ (k)d(k) ~ (60)

The components of the transformed noise are uncorrelated and in
the Gaussian case are independentidentically distributed (standard
normal) random variables because their covariance is

cov[D~1(k)d(k)] = D~ (k)cov[d (k)]D~T (k)

=D ' (k)D(k)DT (k)D"T (k) =1 (61)
Therefore, we can estimate x, in terms of y by unweighted least
squares. The batch solution is

%o = cov(@)M" (kYD (k)y (k) (62a)
where
cov(®y) = [M" (k)D™" (k)D~' (k)M (k)1™" (62b)

Of course, in principle, nothing prevents us from reckoning the ini-
tial conditions at any convenient time #;, so that we could estimate
x (i) and its covariance directly rather than having to estimate x
and propagate to the time of interest. Whereas this transformation
method involves no more computation than Bayesian estimation,
we prefer the latter for its generality. The whitening transformation
might find use as a processing option in applications where least
squares has previously been the method of choice and the cost of
replacing the estimation software is high. In any case, we can ex-
pect that least-squaresestimates will differ from Bayesian estimates
because the two underlying optimality criteria differ.

Is Bayesian Estimation Practical for the Space Catalog?

The Bayesian estimator ultimately requires computation equiv-
alent to a matrix inverse of size at least equal to the size of the
largestset of correlated measurements. Whether the calculationsare
arranged in batch form or sequential form, eventually O (m?) arith-
metic operationsare required for m correlated measurements. In the
past, large matrix inversions would have prevented the realizationof
Bayesian estimates for most satellite tracking applications, includ-
ing especially the space-catalogapplication. However, even if batch
processingis to be used, we have available several stable numerical
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methods, such as Cholesky decomposition, QR factorization, and
Pan-Reif-type iterations,!”'%20 for inverting the positive-definite
symmetric matrix Pzz. The implementation problem is mainly one
of computational throughput, rather than the preservationof numer-
ical accuracy in the inversion algorithm. For this and other reasons,
we believe that the space-catalog application may be a good can-
didate for Bayesian estimation. First, an accurate estimation error
covariance is required with every estimate of a cataloged orbit, so
that we must account for autocorrelations.Second, although the es-
timates have to be available in a timely manner, they do not have
to be provided in an extremely fast, real-time mode. In most situa-
tions, it is adequate to have estimates and error covariances within
several minutes after receipt of the last measurement, allowing time
for extensive computation. Third, much progress has been made
in updating the space catalog using distributed parallel computing
facilities 2! For this application, the rate at which orbit updates are
producedcanbe made almost proportional to the number of process-
ing nodes available, even without adopting parallel algorithms for
the fundamental numerical processes themselves. As the processing
time per satellite increases because of large-matrix inversion, one
can simply increase the number of computing nodes used for the
catalog updates to maintain the overall system performance.

Estimation of Noise Model Parameters

We now describe how to estimate the Hurst parameter and scale
factor for an FGN model, using the observations. For both measure-
ment and process noise, we assume that the noise variances at each
measurement time are known a priori. We assume that the Hurst pa-
rameteris constantover the span of measurementtimes, butwe allow
the scale factor to be different at each measurement time to match
any changes in the noise variance. In practice, one may be faced
with temporary changes in sensor performance or solar activity, and
itis convenientto have a means to accommodate such effects.

Characterizing Measurement Noise

There are a few cataloged satellites whose orbits are estimated
very accurately and precisely by methods and data that are indepen-
dent of the cataloging system. By comparing sensor measurements
with the independent predictions for these reference orbits, we can
neglect process noise and, therefore, isolate the measurement noise
for the sensor. This procedureis already a routine part of SP catalog
maintenance and is used to calculate fixed biases and standard de-
viations for each sensor’s data.??~2* We will assume that the Hurst
parameters and scale factors derived for the measurementnoise us-
ing these few reference orbits are also characteristic of the sensor
and apply any time the sensor tracks any object. Then, because we
already know the measurement noise parameters, we can use the
catalog tracking data taken on a particular object to determine the
processnoise parameters for that orbit, as describedlater. Of course,
it is possible that the measurement noise parameter values would
change on some timescale, analogously to the weights and biases,
and would have to be monitored and periodically updated. We also
assume for the sake of discussionthat thereis no correlationbetween
different scalar measurement types, so that the following analysis is
repeated for each type.

Using the measurement model z(k) = A(k)x (k) + fi(dBy /dt);,
we assume that the value of the measurement noise variance (k)
at time #; is known from comparisons with reference orbits. Note
thatr? (k) = f?E[(dBy /dt)?]. Then, usingd By /dt = ABy, / At and
Eq. (20), we approximate E[(dBy /df)2] ~ Vi At?* =% so that

P(k) = f2Vy A2 (63)

We take the time increment Af; to be a fixed parameter that char-
acterizes the sensor measurement process. We are free to choose it
conveniently, provided only that its value is small enough to allow
a good approximationof FGN for the application. For example, we
might choose the value of Az, to be on the order of the integration
time for a radar measurement or even on the order of a single pulse
length. In most practical cases, A#;, would be much smaller than the
time between measurements, #;, — t, _ ;. If At, were a fixed constant

over all k, then Vi A2 = would be constant, for a given H yet to
be estimated. Hence, the ratio ¢ = f2/r2(k) must be constant over
all k, allowing us to compute fractal dimension.

Using Fractal Dimension to Estimate H for Measurement Noise

If measurements were very dense in time, we could use the time
between measurements, f; — #; _ |, to approximate the derivative of
By (¢) and thereby obtain the approximation

clBy(t) — By (0)] = c/ dBy(v) ~c ) ABy(x)

0

In that case, the following fractal property could be used to estimate
the Hurst parameter H.

Theorem 1: [Falconer (Ref. 13, p. 246, Theorem 16.7)]: Ev-
ery FBM sample path By :[0, 1] — N (the real numbers) has a
graph with box-count dimension D{By(t):t €[0, 1]} =2 — H, al-
most surely.

Of course, instead of By :[0,1]— N, we have c[By(t) —
By (0)]:[0, T]— N, for finite T. Proving that sample paths of
c[By (t) — By (0)], cBy (1), and By (¢) all have the same box-count
dimension on the interval 0 <t <7 as they do on the interval
0 <t <1 turns out not to be trivial, and so we record the follow-
ing two theorems.

Theorem 2: The random process {By (t):t €[0, T], T >0} has a
graph with box-count fractal dimension D =2 — H, almost surely.

Proof: From Theorem 2, D{By () :t €[0, 1]} =2 — H, almost
surely. Suppose T <1, and let an integer n be chosen such that
nT <1and (n+1)T > 1. Then

{Bu(t) :t €0, 1]}

n—1

= U{BH(t):te KT, (k + )T)} U{By () : t € [nT, 11}

k=0
D{By(t) : t € [kT, (k + DT)}
= D{By(t) — By(kT):t €[kT, (k + DT)}

Vk=0,...,n

because the graphs of the two random processes are the same up to
an additive constant. Here

{By(t)— By(kT) :t € [kT, (k+ 1)T)}

d
= {By(®) — By(0): 1 € [0, T)}
because increments are stationary, making

D{By(t):t € [kT,(k + )T)} = D{By(t) : t € [0, T)}

almost surely. Thus,

n—1
D U{BH(t) t € [kT, (k+ DT)} = D{By(t) : t € [0, T)}
k=0

almost surely, following Barnsley (Ref. 15, p. 183, Theorem 2).
Similarly,

D{By(t):t € [nT, 1)} = D{By(t) :t € [0,1 —nT)}
almost surely. Nevertheless,
{(By(@):t€[0,1 —nT)} S {By):te€[0,T)}

and following Barnsley (Ref. 15, p. 183, Theorem 1), subsets have
equal or lower D. Hence,

2—HED{By@) :t€[0,1]}

n—1
D{U{BH(t):te[kT, (k+DT)}U{By(t):1 € [nT, 1]}}

k=0

as

D{By(t) :t €[0,T]}
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where superscript as is almost surely. Thus, graphically,
D{By():t€[0,T]}=2— HVT <1, almost surely.

Now suppose 7' > 1. Let an integer n be chosen such thatn < T
and (n + 1) > T. By argumentssimilarto the T < 1 case, D{By () :
telk—1,k)}=D{By():t<[0,1)}Yk=0,1,...,almostsurely,
and D{By(@):te[n,T]}=D{By():t€[0, T —n]}, almost
surely. By construction, {By(t):t€[0,T —n)} S{By(t):te
[0, 1]} and subsets have equal or lower D. Hence,

D{By(t) :t €[0,T]}

n—1
D{ U{BH(t) telkk+ 1)) U(By(t):1 €, T]}}
k=0
Z D{By(t):t€[0,11}

When both cases are combined, the graph of By has
D{By(t):t€[0,T]}=2— H, almost surely.

Theorem 3: Given By and any constant ¢, the graphs of By and
c¢By have the same box-count fractal dimension D=2—- HVt €
[0, T], T >0, almost surely. Also, they have the same box-count
fractaldimensionD =2 — HVt €[t;, 1], 1, t, € (—00, 00), almost
surely.

Proof: Multiplyingan FBM by c is equivalentto stretchingor con-
tracting (with possible negative) the ordinate axis of the Euclidean
metric space. Spaces before and after such scaling are metrically
equivalent, and therefore, any compact subset that is a fractal has
the same D under this mapping,' proving the first result. Then also

c(Bu(t) = By (1)) 1 € [, b1} £ c{By (1) = By (0):1 €[0, |1 = ]1}
because increments are stationary. As before,
D{c{By(t) :t € [1;,,1}} = D{c{By(t) : t € [0, |1, — 1, [1}}
= D{By(t):t€[0,|tb—4]l=2—H Vc>0
almost surely, including ¢ =1, proving

D{c{Buy(t) :t €[t L)} =D{By(t):t€[t;,,]} =2—-H

almost surely.

With these results, and because f; /r (k) =c is constant, we can
proceed to estimate the box-count dimension of any sample path
of the real measurement noise divided by (k) because we have
modeled the noise discretely as v(k) = f,(dBy/dt),. We use that
value of D to calculatethe value of the Hurst parameter for the FGN
via H =2 — D. If the computed value of H turns out not to lie in
the interval [£, 1) then we conclude that scalar FGN may not be an
adequate noise model for this data set.

Note that Kiinsch® has devised formulas that allow H to be cal-
culated directly from discrete data without calculating the fractal
dimension. The preceding theorems provide another justification
of Kiinsch’s methods. Although our observations are discrete, our
model is continuous, whereas Kiinsch’s model is discrete with im-
plicitly defined time steps of unity. Nevertheless, Kiinsch’s formulas
should still work because of self-similarity. Self-similarity means
that changes in timescale are statistically equivalentto an amplitude
scaling of FBM. By the preceding theorems, Kiinsch’s formulas
must be, almost surely, invariant with respect to any amplitude scal-
ing. However, these formulas require that the data be equally spaced,
which is not usually possible for catalog tracking data because of
constraints on sensor tasking and coverage. With special tasking,
sensors might be able to provide dense, equally spaced data during
selected apparitions of satellites.

Using Statistical Tests of Hypothesis to Estimate H
for Measurement Noise

Suppose now that the measurement data are sparse. Then we
cannot use the fractal-dimension method to estimate the Hurst pa-
rameters. Instead, we resort to an alternate method, involving test-
ing of statistical hypotheses. This is done by first choosing a trial

value of H € [%, 1), solving for the scale factor from Eq. (63),
ri(k) = f2Vy At} =2, and computing the p value of the test. If
rejection occurs in any test of the hypothesis, then we must make a
new choice of H. After searching the entire interval, we choose the
most nearly correct value of H as the one with the highest p value
from the test of the hypothesis. If the highest p value turns out to be
unacceptably low, then we conclude that scalar FGN may not be an
adequate model of the real noise. Naturally, the threshold p value
has to be set for each individual application, but we do not treat that
problem here.

Now considerthe measurementnoise sample {vy, ..., v, }, where
the lower case letters represent observations and uppercase letters
represent the corresponding random variables. We would like to
be able to compute sample statistics for this sequence and then
perform tests of hypothesis based on guessed values of H. How-
ever, the measurement noise values are autocorrelated rather than
independent and identically distributed. To account for this, we use
the theorem on conditional PDFs of Gaussian random variables,
Egs. (28) and (29). With this theorem and given a guessed value of

H, we know that p(Vi|vy, ..., vr_) is Gaussian with mean and
covariance given by
EWVilvy,...,vi_1) = E(V) +cov[Vy, (Vi, ..., Vi_ D]
v — E(V))
x [eov(Vy, ..., Vil :
v — EVey)
cov(Vilv, ..., ve—p) = 0p —cov[Vi, (Vi, ..., Vi_)]
Vi
x [cov(Vy, ..., Vi_ D] 'cov Vi
Vi—i

By the definition of conditional probabilitiesin general, each ob-
servation behaves as if it is a single random sample from a PDF
conditional on all previous observations. This is a true PDF because
all previousobservationsare fixed constants,no longerrandom vari-
ables, and so can be considered parameters. Furthermore, the joint
PDF of the m observationsis the product of these conditional PDFs.
In particular, given random variables Xy, .. ., X,,, their joint PDF is
Pxr, e Xy) = px)p(Xalx) paslxa, X1) oo pOeulXy, o ovy X2 1),
where we have used the symbol p generically to denote the appro-
priate PDF in each instance. To prove this, observe that the Bayes
rule allows us to write

px)palxy) - poylXi, .o, Xm—1)
p(x1, X)
= pa) =2 p(x3]x1, x2) - P IXy e X))
p(xp)

Py, X)) p(x3|xy, X)) - PGy X1, 0 X 1)

= p(x1, X2, X3) - (X X1, 000y X 1)
The result follows by induction and shows that the joint statisti-
cal origin of the m observations can be analyzed by analyzing the
conditional PDF of each one.
Now transform the sample as follows. For all @ in the sample
space, we write

V — u(V,
W, (@) = (@) — u(Vy)
o(V1)
Viw; v, ...,ve—) —u(Vilog, oo, vp—
Wi (@ vp. v ) = i (w5 v V- 1) — (Vilv V1)
o(Vilvr, .o, ve2y)
Vk €{2,...,m}
Then Wi (w;vy,...,v_)~N(©,1) Vke{l,...,m}. Because
vi=o Vv, ...,v;_Dw; +u(Vjlvy, ..., v;_) for the observa-

tion w; of the random variable W;, we can consider W; as function
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of @ with parameters wy, wa, ..., w;_ instead of vy,...,v;_|,
namely, W;(w; wy, ..., w;_ ). With this construction, we can an-
alyze the statistics of the original observations by analyzing this
transformed data. Each transformed sample w; behaves as if it were
asinglesample from the random variable Wy (w; wy, ..., w;_1) and
so, by design, each wy, is characterized as if it were a single sample
from N(0,1).

We can indeed show that the sample {wy, ..., w,} is character-
ized as if it is a random sample from N (0,1). However, to do so,
we need to establish two properties. The first is a lemma on joint
probabilities of transformed random variables. The second is a the-
orem on joint PDFs of transformed random variables. We present
the theorem in a vector version that is more general than actually
needed in this section because of its intrinsic interest.

Lemma: Let X, ..., X, be random variables and 7} be transfor-
mationswhere Y, =T,(X,), ..., Y, =T,(X,) arerandom variables.
IfthereexistBorelsets, By, ..., B,, inthereal line suchthat Tk’l (B)
is Borel for any Borel set B and k=1, ..., n, and if

n

X, eT ' By =[] P[xi e T (BD)]

x=1

P[X, e T '(B),...

then
P(Y,€B,.....Y,eB)=] [P e B)
k=1
Proof:
P(Y,€B,,....,Y, € B)=P[X, €T, (B),....X, € T"'(B,)]
= P[X, e 17" (B)] - P[X, e T"'(B,)]
= P(Yl GBI)P(Yn € Bn)

Note that Borel sets are required in this formulation because, in
probabilitytheory, sets in the real line that are assigned probabilities
are defined as Borel sets in the Borel o algebra.

Theorem4: Givenrandomvectors{X;:i=1,...,n} 3 px, (x;) >
0OVx; €S;, for some set S;, and transformation 7 with vectors
Y, =T;(X,,...,X,)=F;(X;) such that T; is 1-1 onto V;, disjoint
subsets where

o

U S, =5

j=1

if transformation images y,, ...,y, exist where py, _x,(xi,...,

X,)=px, (61)  px, @) VX €F7N i), then py Ly, O
yn)szl(yl) o 'Py,,()’n)~

Proof: Because X, » ; S; X S; partitions x; S;, from transformation
theory of random vectors we have

¥aQ1s e Yn)
8(x1,... _ 1
F Lo Fly,
, _1 ‘am,...,yn P [ 00 B )]
whereF is the inverse of F; thatis 1-1onto S, e(S,l,...,S,k,)

Notice thatbecausex, andy; are vectors, the transformation 7" gives
a Jacobian that is the determinant of a matrix that is block diagonal
in the submatricesof the Jacobians dx; /dy; = J (x;). By the property
of determinants of block diagonal matrices,

B(xl,..
J
8(}’1,...,_)’,, H (y)

Hence,
) =Prra Qs oY)

kn k1 n n
= > [Tl [T ox[Frt 0]

a=1 rn=1li=1 i=1

since Fl.jil i) =xi), € Fi’l (y;), where J;,, is the Jacobian dx;,, /9y;.
By the transformation of random variables,

]l[py,(m = H ZI 00| Py [F 0]

i=1 i=1 ri=1

Z Zﬁ| ”10’1)|px ,:,.10’1')]

m=1 r=1li=1

kn 0 n .,
Z ZH |Jiri(yi)|l_[pxi[Fi:il(yi)] = (%)

rw=1 ri=li=1 i=1

V) = D1O1)  Pa(Yn)

Furthermore, suppose there are points where 1-1 onto subsets
do not exist, but some components have constant images over
positive-probability preimages. We can define a generalized PDF
with marginal distributions of positive probabilities at these con-
stants. With the theorem hypothesis using such a generalized PDF,
these components on the domain sets with constantimages are sta-
tistically independentof other components. Using the lemma before
this theorem, we could show that the theorem still holds for this type
of generalized PDF.

Now statistical tests can be performed to assess whether
{wi, ..., w,} really behaves as if it were a random sample from
N(0,1), inferring on the correctness of the guessed values of the
measurement-noise Hurst parameter and scale factor. Given suffi-
ciently numerous data, a x? goodness-of-fit test can designed for
any distribution, where the N(0,1) distribution in our application s
merely one specific choice of distribution. In particular, given any
PDF, partition the range of its associated random variable into m
bins, for example, (—o0, a,], (a;, a,], (a,,a3], . .., (a,,, 00). Com-
pute probabilities that observations fall into certain bins via

ak+1
P, = / p(x)dx
ak

for PDF p where ay = —oo anda,, , | =00. Given Py, ..., P, per-
form a x? goodness-of-fit test to infer the appropriateness of the
assumed PDF p.

We note that transforming to independent, identically dis-
tributed variables for non-Gaussian cases may be impractical.
However, for any random sequence, (X;:j=1,...,n), Gaussian
or not, we can do statistical inference after deriving distribu-
tions conditioned upon past observations without transforming
to identical distributions, by partitioning the range into m bins,
(ap=—00,a1], (a1, az], ..., (A, @y +1 = 00). We model the prob-
ability of picking observation j in bin k as

Py, ..., Y,,(Yl,...

) 1 Ak +1
P(I=j,xj€(a,arr]) = (;)/ px;(alxy, ..., x;_1)da

ak
forall j =1, ..., n,notingthat j = 1 involvesno priorconditioning.

We then model the probability that any x € {xy, ..., x, } falls within
a certain bin as if it is the marginal distribution

n 1 Ak +1
P(xe(akvakJrl]):Z(;)/ px;(alxy, ..., x;_1)da

j=1 a

This is a true probability measure because

P(xe(oooo))_zz /
k=0 j=1 Ya&
2_2 /UHIPx,(a|x1,...,xj71)da=%i]=1

j=1k=0 j=1

ak 41

px;(@lxy, ..., x;_y)da
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With these derived probability measures and counting the num-
bers of observationsper binof (X;: j=1,...,n), a x* goodness-
of-fit or a Kolmogorov-Smirnov test can be performed to de-
cide the suitability of a hypothesized distribution or parameter of
(X;:j=1,...,n).Inour specific application, the observationsare
vy, ..., Uy, and there is now no need to standardizeinto wy, ..., w,.
Note also thatin other applicationsone may not be able to transform
the random variablesinto identically distributedones. However, it is
always helpful to subtract out their means if these are known. This
reduces the variation of the randomized data, thereby increasing the
sensitivity of a test of hypothesis.

Alternatively, under Gaussian assumptions, we could use eigen-
vector analysis to transform to independent random variables,
an approach best suited for sparse data because it is computa-
tionally intensive. Let observations vy, ..., v, be from the noise
V(k),k=1,...,m, and let V be the m-dimensional vector of
such noises. With eigenvector analysis, a matrix M7 of orthogo-
nal eigenvectorrows can be found that diagonalizes cov(V), where
VI =[V(1),..., V(m)] and cov(V) is obtained from the given in-
put variance of each V (k), k=1, ..., m, and the autocovariances
from FGN properties. In this way, M7V is a vector of independent
random variables when the Hurst parameter is correctly guessed.
We can standardize each component of M7V and test the hypothe-
sis that the components behave as random samples from a Gaussian
N(0, 1) distribution. Actually, this idea is usable for any Gaussian
process, not just FGN, as long as the means and autocovariancesare
known. However, in general, the method will not work unless zero
correlation is equivalent to independence.

Naturally, the test-of-hypothesis methods can be used even for
densedata. Givenvy, ..., v, denseenoughto estimate the Hurst pa-
rameter by fractal theory, we can still take a (possibly sparse) subse-
quence of it. The test-of-hypothesismethods can be used as a check
on the fractal theory’s estimated Hurst parameter, or vice versa.

Special Results for Measurement Noise

Suppose the measurementnoise variance r2(t) is constant vz, but
unknown. In this case the measurement noise is

Vi) = V) = L)

de
where we will explain that f is constant. Barton and Poor’ de-
scribed two transformations, one for infinite time intervals and one
for finite intervals, which transform FGN into Brownian motion.
Because Brownian motion has independentincrements, we can per-
form sample statistics to estimate values for f and, if desired, also
2. We have already exhibited the transformation for the infinite-
time case as Eq. (14). The theorem for the finite time interval case
is as follows.

Theorem 5: (Barton and Poor’ ): There exists a standard Brownian
motion By = {By(t) : t € [0, T]} such that

1 ! 1 ! 1 1
Br(t) = —/—— rH’Tdf/ =0 AT dBy (M
r(0) r(z—H)/o e nir ()

2

for FBM By 7 on [0, T1.

With the formula for the noise being V (#,) = f[dBy (t,)/d#:], the
variance has the form r2 = f2E[(A By (t)/ At)?]. With increments
of FBM being stationary, E[(A By (¢)/At)?] is constant for fixed
At. Therefore, f is constantif 7 is constant.

Thus, with our guessed Hurst parameter value H, and assuming
that the data are dense enough for sums to approximate integrals,
we can use Theorem 5 to numerically approximate

fBT(t)=ﬁ/ er%dz/ (T—K)%iHK;’HdBH\T()»)
i_ o o

2

With a correctly guessed H value, By is Brownian motion and, thus,
has independentincrements. When equal time-interval data are as-
sumed, the increments are also identically distributed with known
Gaussian statistics. Thus, we can compute the sample variance

of the equal-time-interval increments of the data f By (t), namely,
{f[Br(t) — By (t_1)] : k=1, ..., n},and equateit to £ times the
theoretical variance of By (f)increments:

2 2 2 2
Stspy = S 05, = Tl — 1)

Hence, we can simply solve for the positive value of f andno longer
depend on an accurate given input variance of the measurement
noise.

We must repeatedly do tests of hypothesis on each transformed
sample set, {Br(t;) — Br(#;_1) : k=1, ...,n}, for each guessed
Hurst parameter value. We test the hypothesisthat the set has values
asifit were arandom sample of a normal distributionwith zero mean
and variance of (# — # _). We choose the guessed Hurst parameter
that yields a high test-of-hypothesis p value. With the estimated f,
we can also solve for the estimated measurement noise variance r2
if desired.

For constant scale factors, eigenvectors are useful in the ab-
sence of input measurement noise variances, when data are too
sparse to performthe integrationto Brownian motion. Given V (k) =
V(%) = f[dBy (t)/d#;] with constant scale factor f and the vec-
tor VI =[V (1), ..., V(n)], of random variables corresponding to
n observations,

T T
e (222 ()
dBy (1) dBy (1)
dr, T dr,

We know the theoretical covariance of a vector of FGN samples,
and thus, it can be diagonalized with a matrix of orthogonal eigen-
vector rows MT. Hence, with a correctly guessed H value for the
assumed FGN process, MV = f M" (dBy /dt) must be indepen-
dent and Gaussian, with the diagonal covariance matrix,

,
cov(MTV) = f*M"cov (dBH ) (dBH )
dt dr

Diagonal components of this covariance without the unknown f2
factor can be standardized to unity by multiplying by a diagonal
matrix D, whose diagonal elements are the reciprocals of the di-
agonals of M T cov[(dBy /dt)(dBy /dt)T 1M . Thus, with a correctly
guessed H, each component of D'/>?M”V must be identically dis-
tributed (IID) with the distribution N(0, 1). With the guessed H,
f is the only unknown quantity in this covariance. Assuming IID
values, the sample variance s> . of these components can be com-
puted. Then we have ne

r
Siﬂvzdi%MTcov (dBH>(dBH> MD? =f1

dr dr

where S;T , 1s the diagonal matrix of identical 52 . values. When
MLV

only f > 0 is used, this implies f =s,ry. Then all quantities of
the covariance are computed. Now we can test the hypothesis that
componentsof M7V behaveas N(0, 1) and choose the H value that
yields the highest test-of-hypothesis p value. As before, with the
estimated f we can also solve for the estimated measurement noise
variance r? if desired. Note that this idea is applicable not only to
FGNs but also any Gaussian processes with constant scale factors
provided the autocovariances and means of the Gaussian process
without the constant scale factor are known.

Characterizing Process Noise

In the space-catalog application, we can reasonably assume that
a given sensor will have the same measurement noise characteris-
tics no matter what satellite is being tracked. Hence, we can use
a limited number of high-precision reference orbits to isolate the
actual measurementnoise for each sensor. However, we do not have
an analogous means of isolating the process noise, which is liable
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to have different characteristics for each satellite in the catalog be-
cause we have only the measurements to work with. Although this
prevents us from estimating the fractal dimension of the process
noise, we can still estimate the Hurst parameter indirectly from the
observations after all parameters for the measurement noise have
been estimated. A statistical test-of-hypothesisapproach using con-
ditional probability theory will be described.
The process noise covariance is

O =cov[n(k)]= / / ‘b(thT)GkE[dBH'(T)dBLr(Ol)]

X CDT(tk+1,0()Gk (64)

Recall that only the seventh (atmospheric drag) and eighth (solar
radiation) state components are driven by process noise. Hence,
we have only the H’; and H'g Hurst parameters to estimate. We
then require that only the seventh and eighth diagonal elements of
Or, qr77 and g;gg, be given. Recalling the earlier derivation of the
(7,7) and (8, 8) components of cov[n(k), n(£)], we can write, from
Eq. (39),

T+ 1 T+ 1 ol 2
Qjj = V,_,;gijo_;(ZH_; - 1)/ / It — o "drda
17% 17%

= Vi gl (1 — 1), j=17.8 (65
Assuming that the Hurst parameter is known, we solve for the (non-
negative) scale factor gi;;, j = 7, 8. Furthermore, with values for H,
Hy, g¢77, and g5 available, all of the componentsof cov[n(k), n(£)]
can be computed Vk, £ € {0, 1, ..., m}, as needed in the covariance
matrix for the Bayesian estimator. As we did in characterizing mea-
surement noise, we assume that the Hurst parameters are constant
over the data span. However, we allow the scale factors to be dif-
ferent at each time to match the possibly changing process noise
variances.

With the measurementnoise parameters accurately estimated, the
complete statistical descriptionof the measurements Z as a function
of state X is available.Let {z|, ..., z,,} be the set of observationsof
Z(t). We will infer values of the parameters of the process noise,

nk) = / St 11, 1)GrdBy (7)

Tk

by doing statistics on the observations, the values of the Z;. Given
the initial state, the state model equation, the measurement model
equation,and the estimated measurementnoise parameters, make an
initial guess for the Hurst parameters H; and Hy. Evaluate Eq. (65),
given the guessed H; and Hg, Vk € {1, ..., m}. Set g;77 and g3 on
the left side, equal to the corresponding elements on the right side,
and solve the two quadratic equations for the two scale factors, g;77
and giss. With the guessed Hurst parametersand their corresponding
scale factors, we now have a complete statistical descriptionof both
the state and measurement noises.

Note that because Z; is a linear function of various Gaussian
processes, it must be Gaussian, and recall that conditional PDFs
of joint Gaussian random variables are Gaussian. Hence, as
with the measurement noise, we can find all of the PDFs
p(Zy), p(Zslz1), p(Z3lz1, 22), . .., p(Z,l21, ..., 2,—1) using the
theorem on conditional PDFs given before [Eqgs. (28) and
(29)]. The conditional PDFs are Gaussian single-variate PDFs
with means and variances parameterized by all previous
observations, namely, u(Zi|zy,...,zi_1)=E[Z|z1, ..., zx_1]
and 0*(Zlzy, ..., zk—1) = E{{Zy — u(Zilz1, ...,z )Pz, -
z;_1}. For the same reasons as in analyzing the measurement
noise, each Z, behaves as if it is sampled from a PDF con-
ditioned on all previous observations. Also, the joint statis-
tical origin of all m observations, the joint PDF of all m
Zy, is the product of these PDFs. The random variable cor-
responding to each conditioned distribution can be written as
Zi(w; 21,z ) ~ NI Ziley, - zi21), 02(Zilz, o 22 ),
with Z,(w) ~ N[u(Z,), 0*(Z,)], for all w in the sample space. We

can, as before, transform to standardized Gaussian random vari-
ables:

Z(w) — u(Zy)
=T
1
Y, (w: 2 ) Zi(w;zy, .oz 1) — w(Zlzy, ooz 1)
k(@3 21500y 2 - AL
Vke{2,...,m}

Hence, Y (w; zy,...,ze_1) ~N@©O, )Yk e{l,...,m}. Just as in
the case of the w; in the measurement noise transformed data,
each transformed observation y,=[zy —u(Zilzy, ..., zx_1)]/
0(Zklzy, ..., zx—1) behaves as if it were a single random sam-
ple from the random variable Y (w; zy, ..., zx— 1) ~ N (0, 1), and
the transformed data {y, ..., y,,} can be handled as if they were
independent as well as identically distributed. Hence, we can suc-
cessively guess values of H, and Hg, compute g7 and g;ss, and
check their validity as described before in the measurement noise
case, using the same test-of-hypothesistechniques.
Another useful fact is that, because Y; is standard normal,

B = Zi:yk?

k=1

has a x? distribution with j degrees of freedom. Hence, the validity
of the parameters of the original distributioncan be checked by a test
of hypothesisoneither Yy ~ N (0, 1) or B} ~ x2(j), by partitioning
the range of the ¥; or B} as described before in the measurement
noise section. Then a x 2 goodness-of-fit or a Kolmogorov-Smirnov
test can be performed. Alternatively, we can partition the ranges of
the Z, into bins, without any transformation of the data, and model
each bin as a summation of conditional PDFs as derived in the
measurement noise section, testing the hypothesis on this partition.

Conclusions

In this paper, we formulated a Bayesian estimator that can esti-
mate the state of a system having autocorrelated process and mea-
surementnoises. We used FGN to model persistently autocorrelated
noise. We derived batch and sequential versions of the estimator and
showed how the sequential version distributes the computing load
over measurement updates. We also showed how to modify least-
squares methods to accountfor process noise by includingthis noise
in a whitening transformation. We discussed methods to invertlarge
matrices and concluded that parallel computing can make Bayesian
estimation feasible for the space-catalog application.

We proposed that scale factors of FGN might be suitable for mod-
eling persistently autocorrelated process and measurement noises
in orbit determination applications. We described how to tailor the
model to data by guessing the Hurst parameter and then solving for
the scale factor. Tests of hypothesis on guessed parameter values
were derived, in which the p values of the tests are to be optimized
with respect to the Hurst parameter. If measurement data were suf-
ficiently dense, the Hurst parameter for a sensor could be estimated
by calculating the fractal dimension of a sample of the measure-
ment noise, assuming that the measurementnoise is the same for all
satellites and can be isolated through sensor calibration. However,
process noise is different for each satellite and cannot be isolated
because we have only the measurements to work with. Hence, we
cannot calculate its fractal dimension.

Preliminary tests of our method can be performed by simulating
FGN with known parameters, for example, transforming standard
Brownian motion as in Eq. (13) and taking increments. Then cal-
culations of fractal dimension or tests of hypothesis can be used
to recover the known parameter values. Afterward, we can test real
datato see whetherthe applicationis actually characterizedby FGN.
If FGN adequately represents the real noise, the calculated value of
the Hurst parameter will lie between known fixed limits.

The extent to which FGN models real noise processes in orbit
determinationapplicationsremains unknown. In particular, we need
to verify whether it is reasonable to assume that satellite tracking



CHOW AND SCHUMACHER 607

sensorswill have a nearly fixed value of the Hurst parameterfor their
measurement noises. We also do not know whether measurement
autocorrelationsmay persistforlongtimes or are confined to a single
apparition of the satellite.
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